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Abstract
For a pair of positive integers n, k with n ≥ 2, in this paper we prove that
k∑
r=1
∑
|α|=k
(
k
α
)
ζ(nα) = ζ(n)k =
k∑
r=1
∑
|α|=k
(
k
α
)
(−1)k−rζ⋆(nα),
where α = (α1, α2, . . . , αr) is a r-tuple of positive integers. Moreover, we give an
application to combinatorics and get the following identity:
2k∑
r=1
r!
{
2k
r
}
=
k∑
p=1
k∑
q=1
{
k
p
}{
k
q
}
p!q!D(p, q),
where
{
k
p
}
is the Stirling numbers of the second kind and D(p, q) is the Delannoy
number.
Key Words: Multiple Zeta Values, Multiple Zeta-Star Values, Sum Formulas, Delannoy numbers,
Fubini numbers.
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1 Introduction
The multiple zeta values (MZVs) are defined by [1, 6, 7, 9]
ζ(α1, α2, . . . , αr) =
∑
1≤k1<k2<···<kr
k−α11 k
−α2
2 · · ·k
−αr
r
with positive integers α1, α2, . . . , αr and αr ≥ 2 for the sake of convergence. The numbers
r and |α| = α1 + α2 + · · · + αr are the depth and weight of ζ(α). For our convenience,
we let {a}k be k repetitions of a, for example, ζ({2}3) = ζ(2, 2, 2).
MZVs of length one and two were already known to Euler. A systematic study of
MZVs began in the early 1990s with the works of Hoffman [14] and Zagier [24]. Since then
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these numbers have emerged in several mathematical areas including algebraic geometry,
Lie group theory, advanced algebra, and combinatorics. Interestingly enough, MZVs also
appear in theoretical physics, in particular in the context of perturbative quantum field
theory. This leads to a fruitful interplay between mathematics and theoretical physics.
See [6, 7, 26] for introductory reviews.
A principal goal in the theoretical study of MZVs is to determine all possible algebraic
relations among them. The most well-known identity is the sum formula∑
|α|=n
αi≥1,αr≥2
ζ(α1, . . . , αr) = ζ(n).
This formula was original obtained by Euler when r = 2 and its general form was conjec-
tured in [13] and proved by Granville[11] and Zagier[25]. Since then the sum formula has
been generalized and extended in various directions [4, 8, 9, 12, 18, 19, 20].
The multiple zeta-star values (MZSVs) are defined by [16, 17, 26]
ζ⋆(α1, α2, . . . , αr) =
∑
1≤k1≤k2≤···≤kr
k−α11 k
−α2
2 · · · k
−αr
r
with positive integers α1, α2, . . . , αr and αr ≥ 2 for the sake of convergence.
In this paper we prove another sum formula.
Main Theorem. For positive integers n, k with n ≥ 2, we have
k∑
r=1
∑
|α|=k
(
k
α
)
ζ(nα) = ζ(n)k =
k∑
r=1
∑
|α|=k
(
k
α
)
(−1)k−rζ⋆(nα),
where α = (α1, α2, . . . , αr) is a r-tuple of positive integers.
In additional, the stuffle product of two MVZs of depth p and q produces D(p, q)
numbers of MZVs [2], where D(m,n) is the Delannoy number. The Delannoy number
D(m,n) is defined for nonnegative integers m and n by [5, Page 81]
D(m,n) =
{
1, if m · n = 0,
D(m− 1, n) +D(m− 1, n− 1) +D(m,n− 1), if m · n 6= 0.
The number
∑k
r=1 r!
{
k
r
}
is usually called the Fubini numbers [5] or the ordered Bell num-
bers [23, Section 5.2] which count the number of weak orderings on a set of k elements.
Applying Main Theorem to combinatorics, we obtain an interesting identitiy which con-
nects Fubini numbers and Delannoy numbers:
2k∑
r=1
r!
{
2k
r
}
=
k∑
p=1
k∑
q=1
{
k
p
}{
k
q
}
p!q!D(p, q),
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where k is a positive integer and
{
k
p
}
is the Stirling numbers of the second kind.
Our paper is organized as follows. In Section 2, we present some preliminaries. In
Section 3, we prove the main theorem. We give the combinatorial application in Section
4. In the final section, we give a further application to the mutliple Hurwitz zeta functions
and the multiple Hurwitz zeta star functions.
2 Some Preliminaries
We summarize the algebraic setup of MZVs introduced by Hoffman [14] and MZSVs
introduced by Muneta [17] as follows. Let us consider the coding of multi-indices ~s =
(s1, . . . , sk), si are positive integers and sk > 1, by words (that is, by monomials in
non-commutative variables) over the alphabet X = {x, y} by the rule
~s 7→ x~s = x
s1−1yxs2−1y · · ·xsk−1y.
We set
ζ(x~s) := ζ(~s)
for all admissible words (that is, beginning with x and ending with y); then the weight
(or the degree) |x~s| := |~s| coincides with the total degree of the monomial x~s, whereas the
length (or the depth) l(x~s) := l(~s) is the degree with respect to the variable y.
LetQ〈X〉 = Q〈x, y〉 be theQ-algebra of polynomials in two non-commutative variables
which is graded by the degree (where each of the variables x and y is assumed to be of
degree 1); we identify the algebra Q〈X〉 with the graded Q-vector space H spanned by
the monomials in the variables x and y [14].
We also introduce the graded Q-vector spaces H1 = Q1
⊕
Hy and H0 = Q1
⊕
xHy,
where 1 denotes the unit (the empty word of weight 0 and length 0) of the algebra Q〈X〉.
Then the space H1 can be regarded as the subalgebra of Q〈X〉 generated by the words
zs = x
s−1y, whereas H0 is the Q-vector space spanned by all admissible words.
Let us define two bilinear products ∗ (the harmonic product) and ⋆ on H1 by the rules
1 ∗ w = w ∗ 1 = w, 1 ⋆ w = w ⋆ 1 = w
for any word w, and
zju ∗ zkv = zj(u ∗ zkv) + zk(zju ∗ v) + zj+k(u ∗ v),
zju ⋆ zkv = zj(u ⋆ zkv) + zk(zju ⋆ v)− zj+k(u ⋆ v)
for any words u, v, any letters xi = x or y (i = 1, 2), and any generators zj, zk of the
subalgebra H1, and then extend the above rules to the whole algebra H and the whole
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subalgebra H1 by linearity. It is known that each of the above products is commutative and
associative. We denote the algebras (H1,+, ∗) and (H1,+, ⋆) by H1∗ and H
1
⋆, respectively.
We define rational linear maps ζ : H0∗ → R and ζ
⋆ : H0⋆ → R by ζ(1) = ζ
⋆(1) = 1 and
ζ(zs1zs2 · · · zsk) = ζ(s1, s2, . . . , sk),
ζ⋆(zs1zs2 · · · zsk) = ζ
⋆(s1, s2, . . . , sk).
Then these maps are algebra homomorphisms [16]:
ζ(w1 ∗ w2) = ζ(w1)ζ(w2), ζ
⋆(w1 ⋆ w2) = ζ
⋆(w1)ζ
⋆(w2).
3 Main Theorem
For our convenience, we let
zn · · · zn︸ ︷︷ ︸
k
= zkn, zn ∗ zn ∗ · · · ∗ zn︸ ︷︷ ︸
k
= zk∗n, and zn ⋆ zn ⋆ · · · ⋆ zn︸ ︷︷ ︸
k
= zk⋆n.
Lemma 1. Let n, r and α1, . . . , αr be positive integers, we have
znα1 · · · znαr ∗ zn (1)
= znznα1 · · · znαr + znα1znznα2 · · · znαr + · · ·+ znα1 · · · znαrzn
+zn(α1+1)znα2 · · · znαr + znα1zn(α2+1)znα3 · · · znαr + · · ·+ znα1 · · · znαr−1zn(αr+1),
znα1 · · · znαr ⋆ zn (2)
= znznα1 · · · znαr + znα1znznα2 · · · znαr + · · ·+ znα1 · · · znαrzn
−
(
zn(α1+1)znα2 · · · znαr + znα1zn(α2+1)znα3 · · · znαr + · · ·+ znα1 · · · znαr−1zn(αr+1)
)
.
Proof. We use induction on r to prove Eq. (1). From the definition of the product ∗ we
have the following.
znα1 · · · znαr ∗ zn
= znα1 (znα2 · · · znαr ∗ zn) + znznα1 · · · znαr + zn(α1+1)znα2 · · · znαr .
The induction hypothesis gives
znα2 · · · znαr ∗ zn
= znznα2 · · · znαr + znα2znznα3 · · · znαr + · · ·+ znα2 · · · znαrzn
+zn(α2+1)znα3 · · · znαr + znα2zn(α3+1)znα4 · · · znαr + · · ·+ znα2 · · · znαr−1zn(αr+1).
Substitute this identity in the above formula, we have the desired result. Similarly we
can prove Eq. (2) by induction, thus we omit it.
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Proposition 1. Let n, k be positive integers with n ≥ 2. Then
zk∗n =
k∑
r=1
∑
|α|=k
(
k
α1, α2, . . . , αr
)
znα1znα2 · · · znαr , (3)
zk⋆n =
k∑
r=1
∑
|α|=k
(
k
α1, α2, . . . , αr
)
(−1)k−rznα1znα2 · · · znαr , (4)
where α = (α1, α2, . . . , αr) is a r-tuple of positive integers.
Proof. We use induction on k to prove Eq. (4).
zk⋆n = z
k−1
⋆n ⋆ zn
=
k−1∑
r=1
∑
|α|=k−1
(
k − 1
α1, α2, . . . , αr
)
(−1)k−1−rznα1znα2 · · · znαr ⋆ zn.
The above identity is followed by the induction hypothesis. By Lemma 1, we have
zk⋆n =
k−1∑
r=1
∑
|α|=k−1
(
k − 1
α1, α2, . . . , αr
)
(−1)k−1−r (znznα1 · · · znαr + · · ·+ znα1 · · · znαrzn
−
(
zn(α1+1)znα2 · · · znαr + · · ·+ znα1 · · · znαr−1zn(αr+1)
))
.
The former summand has r + 1 numbers of zi and the latter summand has r numbers of
zi in each summation. We rewrite the summation such that each summand has the same
numbers of zi.
zk⋆n = (−1)
k−1znk +
k−2∑
r=1

 ∑
|α|=k−1
(
k − 1
α1, . . . , αr
)
(−1)k−1−r(znznα1 · · · znαr + · · ·+ znα1 · · · znαrzn)
+
∑
|α|=k−1
(
k − 1
α1, . . . , αr+1
)
(−1)k−1−r(zn(α1+1) · · · znαr + · · ·+ znα1 · · · zn(αr+1+1))


+k! zkn.
We simplify the summation in the above identity as follows.
k−2∑
r=1
(−1)k−1−r

∑
|α|=k
(
r+1∑
i=1
(k − 1)!
α1! · · ·αi−1!(αi − 1)!αi+1! · · ·αr+1!
)
znα1 · · · znαr+1


=
k−2∑
r=1
(−1)k−1−r

∑
|α|=k
(
k − 1
α1, . . . , αr+1
)
(α1 + · · ·+ αr+1)znα1 · · · znαr+1


=
k−2∑
r=1
(−1)k−1−r

∑
|α|=k
(
k
α1, . . . , αr+1
)
znα1 · · · znαr+1

 .
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Combine the frist term (−1)k−1znk and the last term k!z
k
n, we get our conclusion. Eq. (3)
can be proved by induction similarly.
We transform Eq. (3) and Eq. (4) into the identities among MZVs and MZSVs.
Theorem 1. For positive integers n, k with n ≥ 2, we have
ζ(n)k =
k∑
r=1
∑
|α|=k
αi≥1
(
k
α1, . . . , αr
)
ζ(nα1, . . . , nαr)
=
k∑
r=1
∑
|α|=k
αi≥1
(
k
α1, . . . , αr
)
(−1)k−rζ⋆(nα1, . . . , nαr).
4 A Combinatorial Application
Using Eq. (3) and counting the numbers of terms it happened, we obtain the following
identity.
Theorem 2. Given a pair of positive integers ℓ, k with 1 ≤ ℓ < k, we have
k∑
r=1
r!
{
k
r
}
=
ℓ∑
p=1
k−ℓ∑
q=1
{
ℓ
p
}{
k − ℓ
q
}
p!q!D(p, q).
Proof. There are
k∑
r=1
∑
|α|=k
αi≥1
(
k
α1, α2, . . . , αr
)
terms in the right-hand side of Eq. (3). Since
∑
|α|=k
αi≥0
(
k
α1,...,αr
)
= rk, we have
∑
|α|=k
αi≥1
(
k
α
)
=
∑
|α|=k
αi≥1
(
k
α1, α2, . . . , αr
)
=
r∑
j=1
(−1)r−j
(
r
j
)
jk
by the inclusion–exclusion principle. By [10, Eq. (6.19)],
r∑
j=1
(−1)r−j
(
r
j
)
jk = r!
{
k
r
}
,
we can write the above number as∑
|α|=k
αi≥1
(
k
α
)
= r!
{
k
r
}
. (5)
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For 1 ≤ ℓ < k,
k∑
r=1
∑
|α|=k
(
k
α
)
znα1znα2 · · · znαr
= zk∗n = z
ℓ
∗n ∗ z
k−ℓ
∗n
=
ℓ∑
p=1
∑
|β|=ℓ
(
ℓ
β
)
znβ1znβ2 · · · znβp ∗
k−ℓ∑
q=1
∑
|λ|=k−ℓ
(
k − ℓ
λ
)
znλ1znλ2 · · · znλq
=
ℓ∑
p=1
∑
|β|=ℓ
k−ℓ∑
q=1
∑
|λ|=k−ℓ
(
ℓ
β
)(
k − ℓ
λ
)
znβ1znβ2 · · · znβp ∗ znλ1znλ2 · · · znλq .
Since the stuffle product of two MVZs of depth p and q produces D(p, q) numbers of
MZVs, we count the numbers of MVZs in the above identity and then we have
k∑
r=1
∑
|α|=k
(
k
α
)
=
ℓ∑
p=1
∑
|β|=ℓ
k−ℓ∑
q=1
∑
|λ|=k−ℓ
(
ℓ
β
)(
k − ℓ
λ
)
D(p, q).
Combing Eq. (5) we conclude our result.
If we set k being an even integer and let ℓ be half of k, then we have a beautiful
identity.
Corollary 1. Given a positive integer k, we have
2k∑
r=1
r!
{
2k
r
}
=
k∑
p=1
k∑
q=1
{
k
p
}{
k
q
}
p!q!D(p, q).
5 Further Remarks
The multiple Hurwitz zeta function and the multiple Hurwitz zeta star function are defined
by
ζ(α1, . . . , αr; x) =
∑
0≤k1<···<kr
(k1 + x)
−α1(k2 + x)
−α2 · · · (kr + x)
−αr and
ζ⋆(α1, . . . , αr; x) =
∑
0≤k1≤···≤kr
(k1 + x)
−α1(k2 + x)
−α2 · · · (kr + x)
−αr
where x is a positive real number, respectively. Recently the author [3] gave explicit
evaluations of ζ({m}n; 1/2), ζ⋆({m}n; 1/2), and also proved∑
|α|=n
ζ(mα1, . . . , mαr; x) =
∑
p+q=n
(−1)p−k
(
p
k
)
ζ({m}p; x)ζ⋆({m}q; x), and
∑
|α|=n
ζ⋆(mα1, . . . , mαr; x) =
∑
p+q=n
(−1)p
(
q
k
)
ζ({m}p; x)ζ⋆({m}q; x).
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We extend the original maps ζ and ζ⋆ to rational linear maps ζx : H
0
∗ → R and
ζ⋆x : H
0
⋆ → R by ζx(1) = ζ
⋆
x(1) = 1 and
ζx(zs1zs2 · · · zsk) = ζ(s1, s2, . . . , sk; x),
ζ⋆x(zs1zs2 · · · zsk) = ζ
⋆
x(s1, s2, . . . , sk; x).
Then these maps are algebra homomorphisms:
ζx(w1 ∗ w2) = ζ(w1; x)ζ(w2; x), ζ
⋆
x(w1 ⋆ w2) = ζ
⋆(w1; x)ζ
⋆(w2; x).
Applying Eq. (3) and Eq. (4) to these two maps, we have another sum formulas related
the multiple Hurwitz zeta function and the multiple Hurwitz zeta star function.
Theorem 3. For a positive real number x, and positive integers n, k with n ≥ 2, we have
k∑
r=1
∑
|α|=k
(
k
α
)
ζ(nα; x) = ζ(n; x)k =
k∑
r=1
∑
|α|=k
(
k
α
)
(−1)k−rζ⋆(nα; x),
where α = (α1, α2, . . . , αr) is a r-tuple of positive integers.
Recently, the special value x = 1/2 of ζ(α; x) and ζ⋆(α; x) cause many researchers
for concern [15, 21, 22]. Note that the multiple t value and the multiple t star value are
usually defined by
t(α1, . . . , αr) =
∑
1≤k1<···<kr
(2k1 − 1)
−α1(2k2 − 1)
−α2 · · · (2kr − 1)
−αr , and
t⋆(α1, . . . , αr) =
∑
1≤k1≤···≤kr
(2k1 − 1)
−α1(2k2 − 1)
−α2 · · · (2kr − 1)
−αr .
Hence 2|α|t(α) = ζ(α; 1/2) and 2|α|t⋆(α) = ζ⋆(α; 1/2). We substitute x = 1/2 in the
above theorem, we have
k∑
r=1
∑
|α|=k
(
k
α
)
t(nα) = t(n)k =
k∑
r=1
∑
|α|=k
(
k
α
)
(−1)k−rt⋆(nα).
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